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These slides were given during a joint lecture for two 
summer schools (SC2 and VTSA) held at MPI in 2017.

Many participants were from satisfiability checking 
and software verification.  Some were from symbolic 
computation.

Thus
• Style  :  Informal / Selective
• Credit:  Emphasis on the contributions of 

the participants from symbolic computation
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2 0x x  

true

Object

Object

Compute Solve Prove Simplify
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About 50 texts
◦ Undergraduate
◦ Graduate
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Maple

 1983 Started as a research project
at the university of Waterloo at Canada
by Keith .O. Geddes, et al. 

 1987  Turned into a Waterloo Maple Inc 
(MapleSoft).

 Makes the employees to read JSC and attend  
ISSAC/ACA meetings.

 Sponsors various meetings: ISSAC/ACA.
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Mathematica

◦ 1981 Started as a research project
by Stephen Wolfram, et al.
◦ Often attended the ISSAC-kind 

conference to discuss ideas.
◦ 1988 Turned into Wolfram Research Inc
◦ Organizes major conferences for users

Commericial Software Systems
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Foundation of Mathematics

• Hilbert’s Program (1900)

Applications in Science and Engineering
• Stability analysis of PDE and Finite differences 
• Robust control system design
• Reachability analysis
• Parametric optimization
• Hybrid system analysis
• Parameter estimation
• Robot motion planning
• Computer vision
• Dynamic geometric constraint solving
• Education software for real analysis
• ….
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
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M. Jirstrand J. Symbolic Computation (1997)
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Where should  the actuator B be located so that the arm
satisfies  “stability” and  “positive realness (PR)” ?

A B C

A c.g.
C

f1(x,y)

f2(x,y)
x

y

H. Anai,  S. Hara (2000)    Fujitsu

Design of HDD Swing-arm
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Motivation (Recap)

 Arise as a fundamental question in the 
logical foundation of mathematics

 Numerous problems from science and 
engineering can be reduced to QE 
problems.
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◦ ~1975:  Collins

2ଶ೙

◦ ~1990:  Canny,  Grigorev,  Renegar,  Roy,  Renegar, …

																					2௡ for no alternation of quantifiers

◦ ------ :   Arnon, McCallum, Hong,  Brown, Strezbonski, 

Xia, Chen,  Kosta, England, …

Efficient algorithms for moderate inputs

◦ ------ : Weispfenning,  Sturm, Dolzman, 

Gonzalez-Vega,  Anai,  Hong,  Safey-Eldin, 

Moura,  Jovanovic,  Abraham,…..

Efficient algorithms for special inputs

History/State of the Art



Software Packages







Software Packages

 General Inputs





Software Packages

 General Inputs
• QEPCAD (in C)





Software Packages

 General Inputs
• QEPCAD (in C)





Software Packages

 General Inputs
• QEPCAD (in C)





Software Packages

 General Inputs
• QEPCAD (in C)





Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)





Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)





Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)





Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)
• …





Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)
• …

 Special Inputs



Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)
• …

 Special Inputs
• Redlog (in REDUCE)



Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)
• …

 Special Inputs
• Redlog (in REDUCE)



Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)
• …

 Special Inputs
• Redlog (in REDUCE)
• SyNRAC (in Maple)



Software Packages

 General Inputs
• QEPCAD (in C)
• Resolve (in Mathematica)
• Regular chain    (in Maple)
• Discoverer       (in Maple)
• …

 Special Inputs
• Redlog (in REDUCE)
• SyNRAC (in Maple)
• …



Software Packages

















References



◦ Computational Quantifier Elimination
 Computer Journal
 Edited by Hong












References



◦ Computational Quantifier Elimination
 Computer Journal
 Edited by Hong
◦ Collins’ 65th Birthday Conference
 RISC monograph
 Edited by Johnson and Caviness









References



◦ Computational Quantifier Elimination
 Computer Journal
 Edited by Hong
◦ Collins’ 65th Birthday Conference
 RISC monograph
 Edited by Johnson and Caviness
◦ Application of Quantifier Elimination
 Journal of Symbolic Computation
 Edited by Hong






References



◦ Computational Quantifier Elimination
 Computer Journal
 Edited by Hong
◦ Collins’ 65th Birthday Conference
 RISC monograph
 Edited by Johnson and Caviness
◦ Application of Quantifier Elimination
 Journal of Symbolic Computation
 Edited by Hong
◦ Algorithms in Real Algebraic Geometry
 Springer
 Authored by Basu, Pollack, Roy



References



◦ Computational Quantifier Elimination
 Computer Journal
 Edited by Hong
◦ Collins’ 65th Birthday Conference
 RISC monograph
 Edited by Johnson and Caviness
◦ Application of Quantifier Elimination
 Journal of Symbolic Computation
 Edited by Hong
◦ Algorithms in Real Algebraic Geometry
 Springer
 Authored by Basu, Pollack, Roy
◦ Numerous individual articles
 Journal of Symbolic Computation 

References



Quantifier Elimination

“Scientific Overview”



Mathematical Theories
Algebraic geometry
Real algebraic geometry
Commutative algebra
Complex analysis
Real analysis
Topology
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Repackaging
Critical points - Morse complex
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-x1^2 x3^2 x4 5 x1 x2^3 
x3^2 + 2 x 1 x3^4 x4 - 2 
x1 x3 x4^4 - 8

4 x1 x4 + 3 x2 x3 x4 + 5 
x1^2 x3 x4 + 7 x1 x2 x3^3 
- 1

5 x1 x2 x3- 5 x1 x2 x3^2 + 
7 x1^3 x3^2 - 5



-x1^2 x3^2 x4 5 x1 x2^3 
x3^2 + 2 x 1 x3^4 x4 - 2 
x1 x3 x4^4 - 8

4 x1 x4 + 3 x2 x3 x4 + 5 
x1^2 x3 x4 + 7 x1 x2 x3^3 
- 1

5 x1 x2 x3- 5 x1 x2 x3^2 + 
7 x1^3 x3^2 - 5



-x1^2 x3^2 x4 5 x1 x2^3 
x3^2 + 2 x 1 x3^4 x4 - 2 
x1 x3 x4^4 - 8

4 x1 x4 + 3 x2 x3 x4 + 5 
x1^2 x3 x4 + 7 x1 x2 x3^3 
- 1

5 x1 x2 x3- 5 x1 x2 x3^2 + 
7 x1^3 x3^2 - 5

5 x3^4 + x1^2 x3^3 - 7 x1 x2 
x3^2 x4 - 5 x1^3 x3^2 x4 + 4 
x1 x2^2 x4^3 - 3

-6 x2 x3 - 2 x1^3 x2^2-8 x2^4 
x3 + x2^2 x3^3 + x1 x2^3 x3^2 
- 4

x3^3 - x1^2 x2^2 -7 x1^3 x4^2 
+ 8 x2 x3^4 + 7 x1^2 x2^2 x4^2 
- 9



-x1^2 x3^2 x4 5 x1 x2^3 
x3^2 + 2 x 1 x3^4 x4 - 2 
x1 x3 x4^4 - 8

4 x1 x4 + 3 x2 x3 x4 + 5 
x1^2 x3 x4 + 7 x1 x2 x3^3 
- 1

5 x1 x2 x3- 5 x1 x2 x3^2 + 
7 x1^3 x3^2 - 5

5 x3^4 + x1^2 x3^3 - 7 x1 x2 
x3^2 x4 - 5 x1^3 x3^2 x4 + 4 
x1 x2^2 x4^3 - 3

-6 x2 x3 - 2 x1^3 x2^2-8 x2^4 
x3 + x2^2 x3^3 + x1 x2^3 x3^2 
- 4

x3^3 - x1^2 x2^2 -7 x1^3 x4^2 
+ 8 x2 x3^4 + 7 x1^2 x2^2 x4^2 
- 9

















































































































































# Var # Poly Deg Previous New

3 6 4 2 min 1 sec

4 8 5 >12 hour 5 sec

5 12 8 >72 hour 40 sec



degree  = 3

# polys = 3

# vars  = 1 - 20



degree  = 3

# polys = 3

# vars  = 1 - 20
time(sec)

# vars
20



degree  = 3

# polys = 3

# vars  = 1 - 20
time(sec)

# vars

40

20



# polys = 3

# vars  = 3

degree  = 1 - 20

degree
20

time(sec)



# polys = 3

# vars  = 3

degree  = 1 - 20

degree
20

time(sec)

20



100
# polys

time(sec)

degree  = 3

# vars  = 3

# polys = 1 - 100



2

100
# polys

time(sec)

degree  = 3

# vars  = 3

# polys = 1 - 100



2

100
# polys

time(sec)

degree  = 3

# vars  = 3

# polys = 1 - 100



Numerical Projection





8*b^6*a^2*s^4*t^8+140*b^4*a^4*s^4*t^4-4*b^4*a^2*s^8*t^4
+4*b^4*a^2*s^8*t^8+12*b^4*a^4*s^8*t^4+12*b^4*a^4*s^8*t^8
+12*b^4*a^4*s^4*t^8-12*b^4*a^2*s^4*t^8+16*b^4*a^2*s^8*t^6-
32*b^4*a^2*s^4*t^6-4*b^4*a^2*s^4*t^4+120*b^6*a^2*s^4*t^6
+8*b^6*a^2*s^8*t^6-4*a^4*b^2*s^4*t^4-12*a^4*b^2*s^8*t^4
+4*a^4*b^2*s^8*t^8-4*a^4*b^2*s^4*t^8+120*a^6*b^2*s^6*t^4
+8*a^6*b^2*s^6*t^8+8*a^6*b^2*s^8*t^4-8*a^6*b^2*s^8*t^8
+120*b^4*a^4*s^4*t^6-8*b^4*a^4*s^8*t^6-8*a^4*b^2*s^8*t^2
-24*a^4*b^2*s^6*t^2+8*a^4*b^2*s^6*t^6+16*a^4*b^2*s^6*t^8
+48*b^4*a^4*s^6*t^6-8*b^4*a^4*s^6*t^8+2*a^2*b^2*s^8*t^8
+6*a^2*b^2*s^4*t^8+34*a^2*b^2*s^4*t^4+6*a^2*b^2*s^8*t^4
+72*b^6*a^2*s^6*t^6+8*b^6*a^2*s^2*t^8-8*b^6*a^2*s^6*t^8
+56*b^6*a^2*s^2*t^6+120*b^4*a^4*s^6*t^4-8*a^6*b^2*s^8*t^6
+8*a^6*b^2*s^8*t^2+56*a^6*b^2*s^6*t^2+72*a^6*b^2*s^6*t^6



-32*a^4*b^2*s^6*t^4+2*a^2*b^2*s^2*t^8+6*a^2*b^2*s^8*t^6
+2*a^2*b^2*s^8*t^2+6*a^2*b^2*s^2*t^2+6*a^2*b^2*s^6*t^8
+10*a^2*b^2*s^2*t^6+10*a^2*b^2*s^6*t^2+22*a^2*b^2*s^6*t^6
-8*a^4*b^2*s^4*t^6+8*b^4*a^2*s^6*t^6-24*b^4*a^2*s^2*t^6
-8*b^4*a^2*s^2*t^8-8*b^4*a^2*s^6*t^4-4*b^2*s^2*t^4
+2*b^4*t^6+3*b^4*t^8-4*b^6*t^8+26*a^2*b^2*s^4*t^6
+14*a^2*b^2*s^4*t^2+26*a^2*b^2*s^6*t^4+14*a^2*b^2*s^2*t^4
-2*b^2*t^6-b^2*t^8+2*b^8*t^8+2*a^8*s^8-a^2*s^4-a^2*s^8
+3*a^4*s^8+a^4*s^4-4*a^6*s^8+2*a^4*s^6+8*a^4*s^6*t^2-
2*a^2*s^6+48*a^5*b^3*t^7*s^5-16*a^5*b^3*t^7*s^7
+160*a^5*b^3*t^5*s^5+32*a^5*b^3*t^5*s^7-8*a^2*s^6*t^2
+112*a^5*b^3*t^3*s^5+48*a^5*b^3*t^3*s^7-8*a^2*s^6*t^6
+12*b^4*s^2*t^8+2*b^4*s^8*t^6+8*b^4*s^6*t^6-b^2*t^4
+12*b^4*s^4*t^6+8*b^4*s^2*t^6+48*a*b^7*t^7*s^3
+48*a*b^7*t^7*s^5+16*a*b^7*t^7*s^7+16*a*b^7*t^7*s
-16*a^3*b^3*s^3*t^7+16*a^3*b^3*s^5*t^7+32*a^3*b^3*s^7*t^7
-16*a^3*b^3*s^7*t^3-16*a^3*b^3*s^3*t^5+16*a^3*b^3*s^7*t^5
-16*a^5*b*t^7*s^7-48*a^5*b*t^5*s^7-48*a^5*b*t^3*s^7
-16*a^5*b*t*s^7+b^4*t^4-16*b^5*a^3*t^7*s^7+48*b^5*a^3*t^5*s^7
+48*b^5*a^3*t^7*s^3+32*b^5*a^3*t^7*s^5+112*b^5*a^3*t^5*s^3
+160*b^5*a^3*t^5*s^5-16*b^6*s^2*t^8-24*b^6*s^4*t^8-
4*b^6*s^8*t^8-16*b^6*s^6*t^8-48*b^5*a*t^7*s^3
-48*b^5*a*t^7*s^5-16*b^5*a*t^7*s^7-16*b^5*a*t^7*s
+3*b^4*s^8*t^8+12*b^4*s^6*t^8+18*b^4*s^4*t^8+8*b^8*s^2*t^8
+12*b^8*s^4*t^8+2*b^8*s^8*t^8+8*b^8*s^6*t^8+24*a^3*b*t^5*s^5



+12*a^3*b*t^5*s^7+4*a^3*b*t^7*s^3+8*a^3*b*t^7*s^5
+12*a^3*b*t^3*s^3+24*a^3*b*t^3*s^5+12*a^3*b*t^3*s^7
+12*a^3*b*t^5*s^3-4*a^2*s^4*t^2+4*a^3*b*t*s^3+8*a^3*b*t*s^5
+4*a^3*b*t*s^7+8*a^8*s^8*t^2+8*a^8*s^8*t^6+2*a^8*s^8*t^8
+12*a^8*s^8*t^4-b^2*s^8*t^8-4*b^2*s^6*t^8-6*b^2*s^4*t^8
-4*b^2*s^2*t^8-2*b^2*s^8*t^6-8*b^2*s^6*t^6-12*b^2*s^4*t^6
-8*b^2*s^2*t^6+48*a^7*b*t^3*s^7+48*a^7*b*t^5*s^7
+16*a^7*b*t^7*s^7+16*a^7*b*t*s^7-16*a^3*b^3*s^5*t^3
+12*a^4*s^8*t^2+12*a^4*s^8*t^6+4*a^4*s^4*t^6+a^4*s^4*t^8
+3*a^4*s^8*t^8+18*a^4*s^8*t^4+6*a^4*s^4*t^4+4*a^4*s^4*t^2
-16*a^6*s^8*t^2-16*a^6*s^8*t^6-4*a^6*s^8*t^8-24*a^6*s^8*t^4
-4*a^2*s^8*t^2-4*a^2*s^8*t^6-4*a^2*s^4*t^6-a^2*s^4*t^8
-a^2*s^8*t^8-6*a^2*s^8*t^4-6*a^2*s^4*t^4+4*a^3*b*t^7*s^7
+12*a^4*s^6*t^4+2*a^4*s^6*t^8+8*a^4*s^6*t^6+12*a*b^3*t^3*s^3
+12*a*b^3*t^3*s^5+4*a*b^3*t^3*s^7+8*a*b^3*t^5*s
+24*a*b^3*t^5*s^3+12*a*b^3*t^7*s^3+12*a*b^3*t^7*s^5
+4*a*b^3*t^7*s^7+24*a*b^3*t^5*s^5+8*a*b^3*t^5*s^7
+4*a*b^3*t^7*s+4*a*b^3*t^3*s-8*b^6*a^2*s^8*t^8+b^4*s^8*t^4
+4*b^4*s^6*t^4+6*b^4*s^4*t^4+4*b^4*s^2*t^4-12*a^2*s^6*t^4
-2*a^2*s^6*t^8-b^2*s^8*t^4-4*b^2*s^6*t^4-6*b^2*s^4*t^4


























































