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F OL P CP inl p | I
1 2
—R(f(z), f(z)) ffl g
~R(g(), g(x)) UNREL
R(E, E) 2.1.1
—R(z,y) vV R(f(f(x)), f(y) Frifag
~R(x,y) v R(g(2), F(f(9(1)))) F1ITg
R(e,¢€)
PCP (Emil Post 192x:1946) R(g(e), f(f(g(e)))
R(f(f(g(e))), F(f(f(g(€)))))
R(f(fCf(fg(e))))), FUFUF(f(g(€))))))
1
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SMT PCP

SMT Model
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SAT PCP ALY S L LR
~R(f(a), f(a)) P
~R(g(b), 9(b)) P,

R(e, €) 0
~R(g(e), f(f(g(€)) vV B(F(f(9(€))): [(f(fg(e))  =SvT
~R(e,€) V R(g(e), F(f(g(e)))) -QV S

SAT Model: [Q, S, T, P, Pg]
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FOL PCP Again

g(
€), f(f(€)))
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Superposition Model Operator
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Abstract Model Summary  FFR|Y R

_ Model Size # Models Computation

infinite not enumerable undecidable
SMT exponential exponential decidable
SAT linear exponential linear

“FOL Model-Based Reasoning is Difficult,”

*and sometimes it is not the Right Approach,”

*and there is no single Right Approach.”
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Why FOL Reasoning? P

more expressive

~R(f(z), f(z))
~R(g(z), g(x))
R(e, €) No Inference between Maximal Literals
~R(x,y) VIR(f(f(x)), g

—R(z,y) V|R(g(x), f(f(

Orderings + Redundancy

Superposition

)) There is a Model

Rz, y) vV R(f(f(2)),9(y) —R(z,y) vV R(f*"(2).g"(y)) Vv C
Redundancy/Simplification — —R(z,y) V C
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Why FOL Reasoning? P

R(z,y)V R(y, )
—R(x,y) V R(y, z)
_'R(Cblj CLQ) V ﬂ_R(CLQ, CL3) V...V _IR(CLn_l, CLn)

R(x,y) Proof of n + 1 Steps

R(ay,a9) V R(as, a;)
—IR(CLQ, CL1) V R(CLh OQ)

R(ay, as) Proof of 2n Steps

In general: Exponential Gap (Counter n-ary Predicate)
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CDCL Reaso nin g ini p | Rt el
N={..,PV-QVR, -SV-QV-R,...}
([...S%...,~P*.k,T)
=cocL ([-..9% ..., = P* Q¥ Y, k+1,T)
=cocL ([...S% ..., ~PF QL RPVZCVR] L 4 1. T)
([...S% ..., =PF QY REVZOVE] 41, -5V =Q V —R)
([...S% ..., =~P* Q"1 k+1,-SVv-QVP)

—cbel (- -

—CDCL |- -

Learn: =SV -QV P

N=7SV2QVE LL -GV =) V P Not Redundant NP-hard
=85 <...<xP<Q=<R Termination
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Superposition Propositional P

Ordering: ... <S5 <...<P<Q <R

Superposition Left

(NW{C,V P,CyV —P}) =sup (NU{C,V P,CyV-PYU{C, VvV Cy})
where

(i) P is strictly maximal in C; vV P

(i) =P is maximal in Cy V =P

PV-QVR, 25V-QV-R=gp SVQVP

Redundancy: C redundantif N<¢ =CorC e N
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Superposition FOL P

Ordering: ... < R(z,y) < R(f(z), f(y)) < R(f(x), F(f(y)) < ...

Superposition Left
(NW{Cy Vv A,CyV —BY})
=sup (NU{Cy VA, CyV-BYU{(CyVC(Cy)o})
where
() Ac = Bo
(i) Ao is strictly maximal in (C} vV A)o
(i) ~Bo is maximal in (Cy V —=B)o

~R(f(2'), F(F()), ~R(z,y)VR(f(x), f(y)) =sup ~R(2", f())

o={r—=ay= f(y)}
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Superposition Calculus P

Completeness:
For some unsatisfiable set of first-order clauses N,

Superposition derives L after finitely many steps.

Models:
If Superposition terminates on N with respect to redun-

dancy, then N is satisfiable and the Superposition Model
Operator generates a model for N.

[BachmairGanzinger]
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Superposition PCP P

—SUP —IR(SC, f(:l?)) g = {ZC > f(LU’), y/ > f(:lf’)}

=sup " R(z, f[(f(2)  o={o— f(f@),y — F(f(2))}
=sup 2z, 7) o={zrg(@),y — a'}

=sup L o= {z €}
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Superposition PCP PR
“RU@). f(@) Rle. o
~R(g(x), g(x))
ot SR((0). £(6)
—R(z,y) VIR(f(f(2)), 9(y)) —R(g(e€), 9(¢))
~R(x,y) VIR(g(x), f(f(y))) R(g(e), f(f(e)))
R(f(f(€)), g(€))

SAT/SMT cannot determine satisfiability.
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SUP Decision Procedure P

* Monadic Fragment (with Equality)

» Guarded Fragment (with Equality)

» Two-Variable Fragment (with Equality)

« Maslov’s classes K, DK

 Fluted Logic

o|Bernays-Schoenfinkel ( 3*v*) |(with Equality)

» Description Logics

» Modal Logics, Non-Classical Logics (PIDL)

« Shallow (Non-)Linear Monadic Clauses (+ Equations)
» Data Structures (Lists, Arrays, ...)

[Bachmair, Bonancina, Hillenbrand, Hustadt, Fermduller, Ganzinger, Georgieva,
Jacquemard, Leitsch, Meyer, Motik, Nivelle, Nieuvenhuis, Pratt-Hartmann,
Ranise, Rijke, Rubio, Rusinowitch, Sattler, Schmidt, Schulz, Tammet, Teucke,
Veanes, Waldmann, Weidenbach]
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Bernays-Schoenfinkel (BS) P
Finitely many constants: aq, ao, ..., a, n fixed
No non-constant function symbols
—R(z,y) V-R(y,z) V R(z, 2)
~R(z,z) NEXPTIME-Complete
Ancestor(Paul, John)

— Father(z,y) V Ancestor(z, y)

Target language for a number of decidable logics: QBF,

Description Logics, Modal Logics, Monadic Fragment, Ontology
Languages

*and there Is no single Right Approach.”
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BS to SAT one Constant P

Finitely many constants: a4

—lR(Cll,(ll) \/—uR(al,a;l) \/R(al,al) -RV-RVR

ﬂR(al, al) R

Anecestor(RaulJohn)

- Father(ai,a1) V Ancestor(ay, a1) - Father V Ancestor
CDCL

* no instantiation overhead
. Inferences
N, ~ N no redundant in
[ Nes| | Nsarl * short proofs
e compact models
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BS to SAT one Variable

. . I I I max planck institut
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Finitely many constants: aq, ao, ..., a, n fixed
19 YA, Rlor NN/ D e ~)\ _'R(Cll, &1)
'1(,\-,&, } \ 'ib\y,,@/ \'% ib\w,/‘z}
—R(x,x) '
’ —R(ay,an)

Ancestor(Paul, John)
—Fatherte—-v-Aneestorte—-

CDCL

n"NBS’ = |NSAT\

Ancestor(Paul, John)

Instantiation overhead
no redundant inferences
long proofs

large models

Christoph Weidenbach
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BS to SAT in General P

Finitely many constants: aq, ao, ..., a, n fixed

~R(z,y) V-R(y, z) V R(z, z) n3 clauses

-R(z,x) n clauses

Ancestor(Paul, John) Ancestor(Paul, John)

— Father(x,y) V Ancestor(x, y) n2 clauses
CDCL

« upfront instantiation overhead
ns. | Ngs| =~ |Nsar  no redundant inferences

* long proofs

» large models

Ontology: 1M Clauses, 20M Facts, 10M Constants
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BS via InstGen
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N={..,Pla)vQ®b),...,~P(x1)V R(z1,22),...}

| o={Z—b}
N —
!
... P(a),...,~P(b),
U

1Prover

(. P(@VQ®),...,~Pb)VR(b,D),...} = |

no upfront instantiation overhead
redundant inferences

long proofs

large models

[Ganzinger, Korovin]

Christoph Weidenbach
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BS via NRCL

N={..,Pla)vQ®),...,~P(xy)V R(x1,z2),..

:>§RCL ([ © 7P(a)k]7 ka T)

lllplumfﬁhk“

3

=~ NRCL ([ e P(a)k, R(aj xg)ﬁp(xl)VR T1,12 ] k T)
=nreL ([-., P(a)f,=P(x)*! c oy £al,k+1,7T)

Literal : A\ x; # t;
t;, are constants, variables

emptiness NP-complete

no instantiation

no redundant inferences
short proofs

possibly compact models
non-linear computations

[Alagi, Weidenbach]

Christoph Weidenbach

SC22017 24



-
- e BN V2N
BS via Superposition P

Case Study: YAGO Ontology
YAGO Ontology: 1M Clauses, 20M Facts, 10M Constants

Ancestor(Paul, John) E! 0 Fc E E I

—R(xz,y)V -R(y,2) V R(x, 2) AT

—S(z) v =T'(z) V Q(r) S(x), T(x) || Q(x)

* no instantiation
Satisfiability in 30min e redundant inferences
* short proofs
o implicit model
e possibly huge clause sets
o Expert Set-Up

[SudaWischnewskiWeidenbach]
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Conclusion Nl p B ik instin

“FOL (Model-Based) Reasoning is Difficult,”
*and sometimes it is not the Right Approach,”

*and there is no single Right Approach.”

Applications: Expert Automation Support (Isabelle)

Thanks for Your Attention
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